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Abstract

We present a method for visually and quantitatively assessing the presence of
structure in clustered data. The method exploits measurements of the stability of
clustering solutions obtained by perturbing the data set. Stability is characterized
by the distribution of pairwise similarities between clusterings obtained from sub
samples of the data. High pairwise similarities indicate a stable clustering pattern.
The method can be used with any clustering algorithm; it provides a means of
rationally defining an optimum number of clusters, and can also detect the lack
of structure in data. We show results on artificial and microarray data using a
hierarchical clustering algorithm.

1 Introduction

Clustering is widely used in exploratory analysis of biological data. With the ad-
vent of new biological assays such as DNA microarrays that allow the simultaneous
recording of tens of thousands of variables, it has become more important than ever to
have powerful tools for data visualization and analysis. Clustering, and particularly
hierarchical clustering, play an important role in this process. �����

Clustering provides a way of validating the quality of the data by verifying that
groups form according to the prior knowledge one has about sample categories. It
also provides means of discovering new natural groupings. � Yet there is no generally
agreed upon definition of what is a “natural grouping.” In this paper we propose a
method of detecting the presence of clusters in data that can serve as the basis of
such a definition. It can be combined with any clustering algorithm, but proves to be
particularly useful in conjunction with hierarchical clustering algorithms.

The method we propose in this paper is based on the stability of clustering with
respect to perturbations such as sub-sampling or the addition of noise. Stability can
be considered an important property of a clustering solution, since data, and gene ex-
pression data in particular, is noisy. Thus we suggest stability as a means for defining
meaningful partitions. The idea of using stability to evaluate clustering solutions is
not new. In the context of hierarchical clustering, some authors have considered the
stability of the whole hierarchy. � However, our experience indicates that in most real
world cases the complete dendrogram is rarely stable. The stability of partitions has
also been addressed. ����� In this model, a figure of merit is assigned to a partition
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of the data according to average similarity of the partition to a set of partitions ob-
tained by clustering a perturbed dataset. The optimal number of clusters (or other
parameter employed by the algorithm) is then determined by the maximum value of
the average similarity. But we observed in several practical instances that considering
the average, rather than the complete distribution was insufficient. The distribution
can be used both as a tool to visually probe the structure in the data, and to provide
a criterion for choosing an optimal partition of the data: plotting the distribution for
various numbers of clusters reveals a transition between a distribution of similarities
that is concentrated near 1 (most solutions highly similar) to a wider distribution. In
the examples we studied, the value of the number of clusters at which this transition
occurs agrees with the intuitive choice of the number of clusters. We have devel-
oped a heuristic for comparing partitions across different levels of the dendrogram
that make this transition more pronounced. The method is useful not only in choosing
the number of clusters, but also as a general tool for making choices regarding other
components of the clustering algorithm. We have applied it in choosing the type of
normalization and the number of leading principal components. 	

Many methods for selecting an optimum number of clusters can be found in the
literature. In this paper we report results that show that our method performs well
when compared with some of the more successful methods reported in recent sur-
veys.�
��� This may be explained by the fact that our method does not make assump-
tions about the distribution of the data or about cluster shape as most other meth-
ods; ����
 only our method and the gap statistic can detect the absence of structure.
Our method has advantages over information-theoretic criteria based on compression
efficiency considerations and over related Bayesian criteria�� in that they are model
free, and work with any clustering algorithm. Some clustering algorithms have been
claimed to generate only meaningful partitions, so do not require our method for this
purpose. ���� We also mention the method of Yeung et al.�� for assessing the relative
merit of different clustering solutions. They tested their method on microarray data;
however, they do not give a way of selecting an optimal number of clusters, so no
direct comparison can be made.

The paper is organized as follows: in Section 2 we introduce the dot product be-
tween partitions and express several similarity measures in terms of this dot product.
In Section 3 we present our practical algorithm. Section 4 is devoted to experimental
results of using the algorithm. This is followed by a discussion and conclusions.

2 Clustering similarity measures

In this section we present several similarity measures between partitions found in the
literature,���� and express them with the help of a dot product. We begin by reviewing
our notation. Let � � ���� � � � ����, and �� � �

� be the dataset to be clustered.

Pacific Symposium on Biocomputing 7:6-17 (2002)



A labeling � is a partition of � into � subsets ��� � � � � ��. We use the following
representation of a labeling by a matrix � with components:

��� �

�
� if �� and �� belong to the same cluster and � �� � �

� otherwise �
(1)

Let labelings �� and �� have matrix representations � ��� and ����, respectively. We
define the dot product

������� �
�
����� ����

�
�
�
���

�
���
�� �

���
�� � (2)

This dot product computes the number of pairs of points clustered together, and can
also be interpreted as the number of common edges in graphs represented by� ��� and
����, and we note that it can be computed in 	�����
�.

As a dot product, ������� satisfies the Cauchy-Schwartz inequality: ������� ��
������� �������, and thus can be normalized into a correlation or cosine similar-

ity measure:
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������� �
��������

������� �������
� (3)

This similarity measure was introduced by Fowlkes and Mallows. � Next, we show
that two commonly used similarity measures can be expressed in terms of the dot
product defined above. Given two matrices � ���� ���� with 0-1 entries, let ��� for
�� � � ��� �� be the number of entries on which � ��� and ���� have values � and �,
respectively. The matching coefficient �� is defined as the fraction of entries on which
the two matrices agree:
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The Jaccard coefficient is a similar ratio when “negative” matches are ignored:
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The matching coefficient often varies over a smaller range than the Jaccard coefficient
since the �

 term is usually a dominant factor. These similarity measures can be
expressed in terms of the labeling dot product and the associated norm:
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