Finite H-Systems with 3 Test Tubes are not Predictable
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Finite H-systems with n test tubes are splicing systems of n test tubes over a
common molecular alphabet, 2, with a filter F; C X for each test tube. Initially,
arbitrary many copies of molecules and enzymes (splicing rules) from a finite set
of molecules and enzymes are given to the test tubes that produce new molecules
by splicing and filtering. It is known that any formal language can be generated
by a finite H-system with 9 test tubes and that the results of finite H-systems with
6 test tubes are unpredictable. Here we present a rather simple proof that the
results of finite H-systems with only 3 test tubes are unpredictable and that 4 test
tubes suffices to generate any formal language.

1 Introduction

Molecular computers have been attracting many people from chemistry, biol-
ogy and computer science. A major break through was a concrete molecular
computer by Adleman' that could solve instances of the travelling-salesman-
problem from OR. In a remarkable paper Head® draw the connections between
molecular computers and formal language theory. Head presented molecules as
words over some alphabet and enzymes as so-called splicing rules. A splicing
rule may be applicable to two molecules. It breaks both molecules at fixed
locations, defined by the splicing rule, and recombines the initial string of one
broken molecule with the final string of the second. Head’s smooth connection
to formal language theory brought this field to the attention of many people
from formal language theory. E.g., Piun, Rozenberg and Salomaa® asked what
classes of formal languages are derivable by molecular computers where initial
molecules and enzymes from certain classes in formal language theory. One
of such results says that any regular language is derivable from finitely many
initial molecules with finitely many splicing rules. Csuhaj-Varju, Kari, Piur®
modified Head’s concept slightly to systems of n test tubes. Here, any test



tube is an H-system with an additional filter. In a single macro-step any test
tube generates new molecules according to its set of starting molecules and its
set of splicing rules. Afterwards, the outcome of all test tubes is poured into
the filters of all test tubes. Those molecules that may pass the filter of test
tubes ¢,1 < 7 < n, form the new starting molecules for the i-th test tube for
the next macro-step.

This new process, filtering results of one test tube into another, increases
the computational capability of molecular computers. Let us call a system of n
test tubes finite if initially any test tube contains (arbitrarily many) copies of
molecules from a finite set of molecules and possesses only finitely many splic-
ing rules. It is known %! that a finite 1-test-tube-system generates only regular
sets of molecules. However, finite 2-test-tube-system may generate more com-
plicated non-regular sets 3. Ferretti, Mauri, Zandron* have shown that any
recursively enumerable (r.e.) set of molecules is derivable in a finite 9-test-
tube-system (or in a finite 6-test-tube-system if one allows for a rather simple
encoding of the molecules to be generated). These results have implications
for molecular computers as r.e. languages have many undecidable properties.
E.g., the membership problem is in general not decidable for r.e. languages.
This means that there exists no algorithm A which can tell, when presenting a
word w and an r.e. languages L to A, whether w belongs to L or not. Further,
there is a fixed language, U, such there exists no algorithms .4 which can tell,
when presenting a word w to A, whether w is an element of U or not. Thus, a
trivial consequence of the result of* is that there exists no algorithm which can
compute which molecules may be generated in a finite 6-test-tube-system. l.e.,
the results of a finite 6-test-tube-system cannot be algorithmically predicted
in general. We will sharpen this result here by showing how to generate any
r.e. language in a finite 3-test-tube-system. Thus, there is no way to predict
the outcome of the reactions of only three test tubes starting with molecules
and enzymes from finite set of molecules and enzymes.

2 Notations and Basic Concept

We use the following standard notations from formal language theory.

An alphabet is a finite, non-empty set whose elements are also called letters.
A word (over some alphabet X)) is a finite (possibly empty) concatenation of
occurrences of letters (from X). The empty concatenation of letters is also
called the empty word and is denoted by €. X* denotes the set of all words
over X. A language (over X)) is a set of words (over X).

A formal grammar G is a tuple G = (N, T, R, S) of an alphabet N of so-
called non-terminal letters, an alphabet T of so-called terminal letters, with



NNT =0, an initial letter S from N, and a finite set R of rules of the form
v — v with w,v € (NUT)*. Any rule « — v € R is a substitution rule
allowing to substitute any occurrence of u in some word w by v.

Formally, we write w =g w’ if there exist a rule ¥ — v in R and words

wi,wy € (N UT)* with w = wiuws and v = wivws. =, denotes the
reflexive and transitive closure of =. le., w = w' means that there exists
an integer n and words wy, - - -, w, with w = wy, w’ = w, and w; =¢ w;4 for

all 1,1 < ¢ < n. n=1is allowed, thus w =7, w holds always. We often drop
the index GG and write = instead of = if GG is clear from the context or not
important.

The sequence wy = wa = --- = wy is also called a computation (from
w1 to wy of length n — 1), or similar. A ferminal word is a word in T%; all
terminal words computable from the initial letter S form the language L(G)
generated by G. More formally, L(G) := {w € T"; S =" w}. A language
L is called recursively enumerable, or simply r.e., if there exists some Turing
machine generating L. It is a fundamental result of computer science that
a language L is r.e. if and only if there exists some formal grammar G with
L =L(G).

An (abstract) molecule is in this paper simply a word over some alphabet.
An abstract enzyme, or splicing rule, is a quadruple (uy, ug, v}, ub) of words,

. . . . . . Ul U9
which is often written in a two dimensional way as —; —.
1] Uz

A splicing rule » = (w1, uq, v}, uy) is applicable to two molecules my, msy
if there are words wy, we, wi, wh with m; = wiuusws and my = wiujuhwl,
and produces two new molecules m| = wjujubw) and mb = wivjusws. In
this case, we also write {my, ma} b, {m], m4}. We also write w b, w' if there
exist wy and w} with {w, w1} bk, {w', w]}.

A Head-splicing-system, or H-system, is a triple H = (2, M, E) of an
alphabet ¥, a set M C X* of initial molecules over X, and a set £ C X* x
3 x X* x X* of splicing rules. H is called finite if M and F are finite sets.
For any set I C ¥* of molecules we denote by o (L) := {w € &*; Jwy,wy €
L:3w e€X* :3re F: {w,ws} b, {w,w'}} the set of all molecules derivable
from L by one application of a splicing rule. Further, o% (L) := L, Ug'l(L) =
Pig(L) U on (o (1), 03 (L) = Uysn oy (L), o(H) 5= oy (M),

Thus, o(H) is the set of all molecules that can be generated in H starting
with M as initial molecules by iteratively applying splicing rules to copies of
the molecules already generated.

A test tube T'is a tuple T = (H, F') of an H-system H = (X, M, F') and an
alphabet ' C X, called the filter for T or H.

An H-system with n test tubes, or simply an n-tt, H, 1s a tuple H =



(X,T4,--+,T,) of an alphabet X and n test tubes T; = (X, My, Fy), Fy), 1 <
1< n.

For languages L;, L}, 1 < i < n, over ¥ one writes (L1, -+, L) bg
(Lll’ ’ "’L;z) if
L; =y (o3, (L) 0 F7 ) U (o7, (L) 0 (S = Ujoy £ ) )
holds for 1 < i < n.

Le., to get L; one generates all results 07 (L;) of all H-systems T starting
with L; as initial molecules and puts all those results U}j(Lj) into L} that pass
the filter F;. In addition, one keeps in Lf all those molecules produced in T;
from L;(i.e., 0} (L;)) that cannot pass any filter F; into a further H-system
T;.

Again, F}; denotes the reflexive and transitive closure of Fp.

The result p(H) of H is all the possible contents of its first test tube. More
formally,

p(H) = {Ll g E*, E'Lz,"',Ln g ¥ (M1,~~~,Mn) l_TtI (Ll,,Ln)}
are all molecules derivable in the first test tube 77 if one starts with the initial
molecules M; in T;, 1 < i < n.

An extended n-tt H is a tuple H = (X, Ty,--+,T,,, ) of an n-tt (X, 71, - -,
T,) and a terminal alphabet , C X. The result p(H) of an extended n-tt is
defined as p(H) := p((Z,71,---,Tn)) N, ™, the set of all molecules over , *
derivable in the first test tube.

3 An Example

A grammar G = (N, T, R, S) is called right-linear if all of its rules v — v in
R are of the form ¢ — ay, * — a or * — € with z,y € N and a € T'. Thus,
any computation has the form S = a121 = a1a209 = - - = ajas - A, =
aras - dp(41) with some a; € T', x; € N.

A language L is called regular if there exists a right-linear grammar G
that generates L, i.e. L = L(G). Obviously, regular languages are generated
by computations of a very special form: there is never a substitution within a
word but only at the right end of words. But such a “substitution at the right
end” 1s easily expressed as a splicing: wz = ¢ way is the result of breaking wz
and a special word Zay before z and a, respectively, and recombining them
into way and Zx.
el
Z | ay

The following right-linear grammar Gy generates all words over {a, b} with
an even number of occurrences of the letter a and a number of occurrences of

Thus, the right-linear rule £ — ay becomes the splicing rule



the letter b that can be divided by 3 : Gy = (Ny, Ty, R, S) with

- No = {S, 1‘0,0,900,1,900,2,901,0,901,1,901,2},

- Ty :={a,b}

- Ry is given by the rules
S—e oo —ario o2 —ari12 X111 — Axg1
S — ario To,0 — bl‘o,l Lo,2 — bl‘o,o Ti,1 — bl‘l,z
S — bl‘o,l o1 —ary1  L1o0—aArpgo L1,2 — @Lo 2
oo — & o1 — bl‘o,z 10— bl‘l,l Ly2 — bl‘l,o

An example of a computation in Gy is
S = axy 9= abxy 1 = abbxy 2 = abbaxy » = abbabro o = abbab.

Obviously, this can easily be simulated by splicings. We regard the H-
system H = (X, M, F) with
- X = NUT U{7}, with a new letter Z ¢ N UT,
-M:={52Z} W{Zax; ;; 0<i<1,0<;j<2}

W{Zbxz; ;j; 0<i<1,0<j <2},

— F is the following list of splicing rules

. el S . e]Ss . e]Ss
L 47 | e 2: Z | ari o 3 Z | be,l
4 - €|%o 5. ¢ | Zo,0 € | Zo,0
A 9 7 | ari o A4 | be,l
. € | o1 € | Zo,1 . € | Zo,2 €| Xo,2
T A4 | ari i A4 | bl‘oyz i A4 | ari 2 10 A4 be,O
. €1 T10 . €1 T10 9 | T11 9 | T11
1 7 axo o 12: A4 bxl,l 13 A4 | axo 1 14 A4 | bl‘lyz
R KW N
15 7 axo 2 16:: A4 bxl,O

One now easily simulates any computation of Gy. Let us regard the above
example. How to simulate S = ax; 7 In H we have the molecules S and
Zazx1 o and can apply splicing rule 2 to get {S, Zazi 0} b2 {Z5,az1,0}, re-
sulting in the new wanted molecule az; o plus some garbage ZS. We may
continue to apply splicing rule 12 to the two molecules az; o and Zbxi; to
get {azi o, Zbx1 1} 1o {Z21 0, abzy 1} with abxzq 1 plus some garbage Zaq .
Omne easily checks that S by axi Fi2 abzi1 b1 abbzy o b5 abbazo o Fio
abbabro o Fa abbab is a possible chain of reactions in H. The role of 7 is to
handle the garbage, some unwanted results. Suppose we operate without Z.
€| Zo2

 [bzoo We might apply this rule 10

Thus, rule 10 would have the form



to abbabzg p and the garbage x¢ 2 (instead of Zig 2) resulting in a ‘backward’
computation {abbabrg o, 2o 2} F1or {abbazg o, bz o}

Those ‘backward’ computations are harmless for Gy, as Gy has a so-called
reversibility property (Gy is “backward deterministic”). However, in general
backward computations lead to disaster and are therefore eliminated by the
help of the special symbol Z. (It might be mentioned that Bennett? has shown
how to simulate any deterministic Turing machine by one which is additionally
backward deterministic. But such a discussion on ‘reversible’ computations
would leave the scope of this paper.)

With the technique of the example one easily proves that any regular
language is the result of an extended I-#f; more results on this subject are
found in %.

4 3-TT Simulate any Grammar

In contrast to right-linear grammars a rule u — v of a formal grammar defines
in general a substitution inside a word; wyuw,; = wivws. Whilst splicing
rules trivially simulate the rules of right-linear grammars they cannot directly
simulate a general substitution. In* and® a method is introduced to rotate
words wyuws into wewiu and apply the substitution solely at the end of a
word, just as it is done in right-linear grammars. A further letter, B, marks the
correct beginning of a word. Thus, ws Bwiu is a rotated version of Bwjuws,.
For technical reasons, two further letters, X,Y are required that mark the
first and final letter of all rotated words. Thus, a representation of a word
w € (N UT)* is any word of the form XwyBuwY with X, B)Y ¢ NUT and
w = wiws. For any grammar G = (N, T, R, S) we shall now design a 3-tt such
that for any word w € (N UT)* with S =7, w one finds all representations
XwsBwiY of w in test tube 1. Here, we follow quite closely the ideas in*
and?. A rule v — v from R applicable to wjuws is simulated by a splicing rule
| uY
Z | vY
that all representations of a derivable word w from S in GG are found in test
tube 1 we have to rotate the words between X and Y. This is done with
the help of two more test tubes, 2 and 3, and an encoding of the letters in
NUTU{B}. Let NUTU{B} = {l;,---,l,}. We encode ; as Ba'j3, where
o' is a sequence of ¢ ocurrences of a. o and 3 are new letters. A splicing rule
9 IZY
Z | pa’BY
letter before Y is # (or ), we change Y into Y3 (or Y, ) and delete this 8 (or
«). No further reactions with the letter Y, and Y3 are possible in test tube 1.

applicable to the representation XwsBwiuY of wiuwy. To ensure

encodes the final letter I; before Y into fo’B3. If the new final



Words with a letter Y3 (or Y, ) may pass only the filter of test tube 2 (or
test tube 3), where a new letter § (or «) is added as first letter behind X.
If a complete encoding fa’3 is thus transformed from the end of a word to
the beginning (behind X), a further splicing rule decodes Ba‘s back into I;:

XpBaig | e

Xl | 72~

Thus, we associate with any formal grammar G = (N, T, R, S) the follow-
ing 3-it, Hg:

HG = (E, Tl, Tz, Tg) with

- Y =NUTU{B,X,Y,a,B3,X" Y, Y5}

- T1 = (Ml,El,Fl) with
Fi = NUTU{B, X,Y,a, g}
M, = {XSBY,XBSY,ZYa,2Ys, X' 2} U{ZBa'BY; 1 <i < n}U
{ZvY;3u:u—veR}U{XZ; 1 <i<n}
where NUTU{B} ={li,---,1,}, and

Ey consists of the following splicing rules,

el uY e | LY .
LTUY foru—veR, 2: 7 Balﬁy,lgzgn,
e | By . elay X e
3'ZY’4'Z|Y’5'X’|Z’

<i<n

| Xpa's
6. 4)(12’7 1

- T2 = (MQ,EQ,FQ) with

Fy, = NUTU{B,«, 3, X', Ys},

My, ={ZY,XB37Z}, and

FE5 consists of the following splicing rules:
9 | Y@ ] X’ | 9

AR X3 Z

- T3 = (Mg,Eg,Fg) with
Fs = NUTU{B,«a, 3, X', Y,},
Ms ={ZY, X«aZ}, and
F5 consists of
£ | Ya

Z|Y . 10

9:




Suppose S ={ wiuws =g wivwy holds with u — v € R. In test tube 1
we have X BSY as a molecule in M;. Suppose that we have already generated
all representations of wyuws in test tube 1. Thus, also Xws BwiuY is in test
tube 1 and the following chain of reactions is valid:
test tube 1:

{XwyBuwuY, ZvY'} By { XwsBwyvY, ZuY'},

let v = v'[; for some v, [;; so we continue

{XwoBuwiv'l;Y, ZBa' BY } by { XwoBwiv' Bl BY, Z1; Y},
{XwsBunv'Ba’ BY, ZY5} b3 {XwsBuwiv' Ba’Ys, Z3Y }
{szBwlv’ﬁo/Y@,X’Z} Fs {X’szwlv’ﬁaiY@,XZ}

test tube 2:

{X’szwlv’ﬁaiY@, ZY '} br { X ws Bwiv' BalY, ZY3}

{X"wy BV BalY, X B2} b { X Bws Bwy v/ BalY, X' 7}

test tube 1:

{X Bws Bwiv' o~ taY, ZY,} Fa { X pws Bwiv' Bal=1Y,, ZaY'}
{X Bws Buwiv! Ba’=1Y,, X' Z} b5 { X! Bws Bwiv fa =Y, , X 7}
test tube 3:

{X' Bws Bu v/ ot =Y, ZY } o { X! Bws Bwiv Bal ™Y, ZY,}
{X' Bws Buy v/ ai=1Y, XaZ} Fig { X aBws Bwiv' Bai~Y, X' 7}

Continuing this way, we finally get X 3a’ fwsBwiv'Y in test tube 1, re-
sulting in {X 8o fws Buwiv'Y, X1; Z} b { Xljws Bwiv'Y, X 3ol 37}, where the
final letter /; before Y is now rotated to be the first letter behind X. Using
the same technique, we easily get any representation of wjvws in test tube
1. We also can describe the results of all three test tubes as follows. Let
¢ {ly, - LY — 2l kel here 2M denotes the set of all subsets
of M — be defined by ¢(l;) := {l;, fa’B} and c(wiws) := c(wy)e(ws). Le.,
Lfacaafl Baf € c(lalshily). Further, p @ {ly, - Iy, , B} — 2tk @f)
is defined by wow;, € p(w) if and only if w = wyws, for some wy, ws, and
é¢:=poec. Le, aflifaflyfaa € é(lals3lhl1). Define

Ci:={Au; A e (X, X'} & (=Y & Jw : u € ¢(Bw) & S =" w)V
(Q=Y, & Fw:ua € é(Bw) & S=*w) V(2 =Y & Jw: uf € é(Bw)
LS W)

Cy: ={AuQ A e {X' X3} & Qe{Y,Ys} & Jw:upf € ¢(Bw) & S =" w},
Cy: ={Auf A e {X" Xa} & Qe {V, Yo} & Fw:ua € ¢(Bw) & S =" w}.
Further

Gi:={ZuY; I :u —v € RVv—u€ Ry UZBa'BY, XBa'BZ, ZI;Y,
XUZ;1<i<n}U{ZBY, ZYs, ZaY, ZYs XZ, X' 2},



Gy ={2Y, 2Ys, XBZ, X'Z}, and
Gs: ={2Y, ZYs, XaZ, X'Z}.

Then one easily proofs that the result p; in test tube ¢ 1s exactly C; U Gy,
1 < ¢ < 3. Here, GG; denotes the “garbage” and C; the wanted contents.
To prove p; O C; U G, one proceeds as above: for any word in C; U G; one
inductively finds a chain of reactions producing this word. For “C” one simply
notes that an application of a splicing rule in test tube i to two words from
C; U (G again results in two words in C; U (5. Thus, if we regard only the
‘uncoded” words — i.e., ¢(!;) = I; — we have already shown:

Theorem 1 For any words wy, wa € (N UT)* there holds: Hg can produce
XwaBwiY in lest tube 1 of and only if S =7, wiws holds.

We say that a class C of n-tts is predictable if there exists an algorithm A
which tells, given some n-t¢ H from C and some word w over the alphabet X
of H as inputs to .4, whether w can be generated in the first test tube of H
or not. Suppose now that the class of all 3-its is predictable. Then we could
decide the membership problem of any grammar: Given G = (N, T, R, S) and
w € T*, consider Hz and X BwY . Test with the help of A if Hs can produce
X BwY in test tube 1. If yes, than S =7, w holds, if not, than S =7, w is false.
As the membership problem for general formal grammars is undecidable, we
conclude:

Corollary: Finite H-splicing-systems with 3 test tubes are not predictable.

5 Extended 3-{t Can Generate Any ‘Pure’ Formal Language

An extended n-tf (H,, ) generates a given language L if L = p(H) N, * holds.
Let G be a formal grammar, L = L(G), then p(Hg) N, * # L for our 3-1t Hg
from the previous chapter. We ‘only’ proved that X BwY € p(Hg) for w € T*
if and only if w € L(G). To produce the ‘pure’ words w € L(() in test tube
1 one may use an extended 3-#f, H,, with T as the terminal alphabet (i.e.
H[, = (Hg,T)) and try to get rid of the symbols X, B, and Y. A standard
idea from formal language theory is to produce words X BwY with w € T™ or
w € X* and simply guess that w € T may hold. Now one guesses to drop X B
and Y and results with the pure terminal words. One might try and introduce
two new splicing rules for test tube 1:
;. XB e /. e|Y
1 EZZandQ.ZZE.

However, this would lead to chaos as is seen as follows. Suppose we have
generated X BwY with w € T*, thus w € L. Applying 1’ to X BwY results in
wY . We now may use the rules of all three test tubes to delete the final letters



of w before Y without producing them (in a rotated form) in front behind X
(as there is no more X). Thus, we could derive any «'Y with w = w”w’ for
some w’. By rule 2/ we can produce also w’, although this suffix w’ of w does
not have to belong to L (G).

However, we still may follow the idea to guess an end of reactions and to
drop X B and Y. But this has to be done with a more involved method where
Y can only be dropped after Y ‘has told X to do the same’.

When we guess to drop X B and Y we first transform Y into yG3Y , where
v is a new letter. 87 are now rotated to the beginning, as before. Thus, we
get X BwY F X BwyB8Y H* X'B3Bw~yY . As v is new, there is no rule for vY
in Hg. We simply drop 7Y . However, X'33Bw now may enter test tubes 2
and 3 and new letters «, § may be produced after X. Fortunately, this leads
only to further garbage not in 7™ as we will drop X and B only together in

the form of X33B by a rule XBBB; EZZ . Note, B3 encodes no letter ;,

only Ba’B3 with i > 0 encodes a letter. X338 is thus a unique message for X
to become deleted.

Let G = (N, T, R,S) be any formal grammar. H, denotes the extended
-t H, = (2,77,7T4,T4,, ) with

-, =T,

o E:NUTU{B’XaX/aYaaaﬁaPyaYOwYﬁ}a

Fl=NUTU{B,X,Y,«, 3,7},

M| = {XSBY,XBSY, ZYs, 25, X'2,22}0 {ZBaiBY; 1 < i <
ntU{Z0Y; Ju:u—v e RWU{XLZ; 1 <i<n},

where NUTU{B} ={l,---,ln},

Ey consists of the following splicing rules:

el uY e | LY .
1.77,foru—>vER, 2: 7 BoﬂﬁY’1<Z§n’
g _E|BY c_elay o X |

ZYy B Z|Y. ' 0 X' |Z7

 XBalp|e .
6.4X12’7’1§Z§n’

7. € Y 8 elvY 9. XBBB|5
Z | yppYy ZZ e 7 | 27



Fy=VUTU{B,a,0,7,X' Y},
M, ={2Y, X372},

and FJ consists of

. g Y@ . X/ g
10'%?’ 11'?6’7

Y = (M}, EY, FY) with

F?/> = VUTU{BaO‘aBaPan/aYﬁ}a
MY = {7V, XaZ),

and Ff consists of

e | Y, X e
12'%?’ 13'%%

Now, using a proof as for theorem 1 with slightly more complicated sets
C;, Gy, 1 <1< 3, one easily gets: For w € T™:
w € p(H(,) if and only if XBwY € p(Hg) if and only if w € L(G).
Thus, L(G) = p(H;). This proves:
Theorem 2 Any r.e. language can be generated by an extended 3-tt.
Extended n-tts (X,71,- -+, Th,, ) possess a terminal alphabet, , . This can
be dropped in H{, if we use a further test tube Ty with Ty = (0,0, 7). Ty filters
all words over the terminal alphabet T". As a trivial consequence we know:
Corollary: Any r.e. language can be generated by a 4-tt.

6 Summary

We presented a rather simple proof that any r.e. language i1s generated by
a finite 4-test-tube-system or by a finite extended 3-test-tube-system. Fur-
ther, there exists no algorithm that predictes the outcome of finite 3-test-tube-
system. This question is still open for finite 2-test-tube-systems.
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